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A generaltheoryfor thefluctuationspectrumof theonsetofturbulenceis developed,applying to systemsthatapproach
turbulencethroughacascadeof subharmonicbifurcations.Applied to Rayleigh—Bénardflow, we find excellentquantita-
tiveagreementwith therecentexperimentaldataof LibchaberandMaurer.

Until recenttimes,theonsetof turbulencewasviewedasa cascadeof anharmonicmodesleadingto a quasi-
periodicmotion of thefluid (Landau’stheory)[1]. More recentlymoderngenericityargumentshavesupplanted
this infinite-cascadepicturewith onein whichtwo or threesuchmodesinitially appearfollowedby anabrupt
transitionto turbulentbehavior(RuelleandTakens[2,3]). Thenewertheoryreceiveda measureof experimental
supportseveralyearsago [4,5]. However,a newly completedexperimentof higherresolution[61in thecaseof
Rayleigh—Bénardflow hasnow discoveredthat aftertwo suchLandaubifurcations,a frequency-lockingpheno-
menonoccursproducingsubharmonicsof successivehalfordersof theoriginal frequency.Thissubharmonicpro-
duction appearsto issuedirectly into the turbulentregime.Accordingly,neitherof thepreviouspicturescorrectly
describesthis kind of onsetphenomenon.In this letterweexplorea newpicturedirectly rootedin thesubbarmon-
ic production— thus,wedo not considerhow the first few bifurcationshaveled into this regime.However,from
this pointonwardsthe theoryholdsthroughoutthe onsetregime.Moreover,unlike theprevioustheories,the
fluctuationspectrumhereis quantitativelydetermined.

The theoryto be describedleansheavilyupona mathematicalframeworkconstructedin recentyears[7—101.
Wefirst briefly outlinesomerelevantresults.

Considera one-parameterfamily of mapsonanintervalx,~+~= f(X, xn),which for fixed A possessa uniqueex-
tremumat a point~ in the interval. Fora largeclassof suchfunctions,it turnsoutthatas theparameterisvaried,
therecursionsuccessivelypossessesstableperiodiccyclesof order 2n, withn divergingasthe parameterapproaches
a critical value.Denotingby A,~thatvalueof parameterat whicha bifurcationto a2~-cyclehasjustoccurred,the
theorydeterminesthat

n~+’i~~ — ?~n)/
0~n+2— Afl-~-

1)= = 4.6642016.... (1)
As a2~-cyclelosesstability,after 2’~iterationsapoint of theattractorjustmissesduplicatingitself, withduplica-
tion occurringonly after another2~iterations.Thus,eachelementof the cycle splits into closelyspacedpairs,
with 2~iterationsrequiredto visit an elementfromits adjacentneighbor.Abouti, the theoryalsodetermines
that from onebifurcationto thenext,separationof adjacentelementsin a pair is reducedby a universalfactorof
—awith a= 2.5029....

Genericallytheextremumisquadratic,sothat the imagesunderfof a clusterof pointsaboutx mustrescale
ascr

2. Indeed,theelementsof a cycle in first approximationareof two classes,withhalf scalingby —aandthe
otherhalfby a2.

WeneedthetheoryforN-dimensionalmaps,forN ~‘ 1. In fact aray in theN-dimensionalspaceis singledout
alongwhichthe one-dimensionaltheoryholds,thusallowing thetheoryto begenerallyapplicable*

~‘ I havelearnedof theseideasfrom J.-P.Eckmann.I havealsojust learnedfromP. Coliet thata paperis in draftby thesetwo
authorsprovidingarigorousproof.
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So far we havediscussedmaps.In fact, the Fourier-analyzedNavier—Stokesequationspossessa “Poincarémap”
whosebehaviordeterminesthatof theflow. Indeed,a hostof numericalexperimentson the Lorenz model [11],
a five.modetruncationof Navier—Stokesin two spatialdimensions[12], anda varietyof oscillatorshaveall with-
in the lasthalfyearbeenfoundto exhibit the successivehalf subharmonics,convergencerateandrescalingparam-
eterdictatedby the one-dimensionalmappingtheory.We nowconjecturethat theone-dimensionaltheoryholds
for the higherorder of truncationof Navier—Stokesin threedimensionsthat presumablydictatesthe Bénardflow
experimentallymeasured.

Experimentshowsthatas theheatflux acrosstheconvectivecells increases,subharmonicsof order2’~are suc-
cessivelygenerated.With flux valuemeasuredasA,~at the nthbifurcationpoint, we immediatelypredicta geom-
etricalconvergenceat rate6 accordingto eq.(1). If possible,themeasurementof 6 would be a definitive testof
our theory. (It is to be commentedthat convergenceof 6 to severalsignificantfigurestypically occursfor n ‘-‘ 3,4.)

In theabsenceof this test,we next explorethe scalingpredictions.Constructthemap asfollows: pick a value
of timeandlocatethetrajectorypoint. Its imageisthe location of thetrajectorypoint T0 secondslaterwhereT0
isthe periodof basicfrequency.Thusin the 2~subharmonicregime,the mappoint returnsto its initial location
after T,~ 2’~T0,andthe map hasa 2~.cyc1e.Startingat a givenpointyof the cycle,2~ iterationswill map it
toz, the nearestdistinct point toy. After oneiteration(T0 later)bothpointsareagainnearestelementsy’,z’ at
somenewlocation,with arcsof thetrajectorylinkingy andy’ andz andz’. If y is in thatportionof the cycle
suchthatpairs eachrescaleby —a,thenby continuityof the differentialflow, the distancebetweenthetrajectory
arcsmustsimilarly rescaleuniformly alongtheir lengths.Thusby appropriatechoiceof phasealongthetrajectory,
we havethe formula

~i(’~fl(t)m [x(’~
1)(t) — x(’~1)(t+Ta)]

~a~[x(PO(t)~x(h1)(t+T~_
1)], 0<t<T~_1

a~[x(’~)(t) — x(hl)(t+ T~_1)], T~_1<t <T,~, (2)

wherex(~)(t) is the coordinateof the trajectorypointat the 2~bifurcation. (Formula(2) is actuallya first approx.
imation,with smalldeterminedcorrectionshere ignoredas negligible.)We now constructthesubharmonicspec-
trumof x from eq.(2).

By the definition of the kth Fouriercomponentof the 2’~+1, xO~-‘-‘) (t),

Tn

f -~— [x(’~~)(t) + (l)kx(fl+1) (t + Ta)] exp(—irikt/T~). (3)
0 -n

(Observethat thecomponentat thebasicperiodis written as the2~harmonicof the fundamentalof the 2’~-cycle.
Thus,theevencomponentx~ 1) is at the samefrequencyasx~.)Fork even,since

x(’~
1)(t + T~) x(P1)(t), x~7~x~ . (4)

Eq.(4) simply saysthat the componentat a given frequency,onceit hascomeinto existencefor somen, remains
approximatelyunchangedduring furtherbifurcations.Theseriouscalculationisthat of ~ i.e., the spectrum
newly introducedwith thenext bifurcation.By eqs.(2)and (3)

Tn_i
x~j~÷~j~~_-~-f-~j~—[x(n)(t)_x(n)(t~FT~_

1)} exp[—iri(2k+ l)t/T~]

Tn -~J-[x(’~)(r)—x(’O(t+T~_1)] exp[—in(2k-i- 1)t/T~J.
a
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Shifting the second integral, together with some manipulation produces 

xiZi)-t[li~]~-l& [X(")(t)-X(")(tjT,_l)]exp (_,iE$! t/Tn_l) . 

To proceed, substitute for xtn) its Fourier expansion and obtain 

X(;;:’ =2--$ [l-i(-l)k] [l-i%] C 
1 

k’ (2k’ t 1) - ; (2k + 1) 
x($+1 . 

(5) 

Eq. (6) is the basic result of the theory. Observe that the new fluctuation components xr+\) are determined sole- 
ly by what had been the new components, x($+~ : the basic cycle’s fundamental x(‘)~~ and its harmonics deter- 
mining the shape of the “basic” cycle are all even harmonics and so decouple from the fluctuation spectrum. 
Thus the fluctuation spectrum itself has a character universal over the specific form endowed by a particular sys- 
tem upon its basic cycle. Partially compromising this result is the fact that eq. (6) is exact only for n asymptoti- 
cally large - or for several significant figures, after the first several subharmonic bifurcations. 

Since the phase is critical in employing eq. (6), we derive its asymptotic form for the amplitude spectrum. 
Setting 2k + 1 E 5,2/c’ t 1 E f’, in the limit of large n, 

lx(“+l)(ul= (k)-1 [2(1 + l/CY2)]l/2 - x’“‘($) . 
I 

By eq. (3) xp) continues for large T,, to x(“)(C;) with x@) analytic in the lower half plane, so that by a Hilbert 
transform result 

lx(“+l)(Ql = @X)-l [2(1 + l/a2)]~/21x(“)(,$/2)~ . (8) 

According to eq. (8), to obtain the new spectral components interpolate on a smooth fit to the previously new 
components, and rescale by the universal factor 

/J E &/[2(1 t 1/012)]1/2 = 6.57, or 10 loglocc = 8.18 db . 

Observe that eq. (2) is a vector equation in N-dimensions. Since the Fourier manipulations are all linear, eq. (6) 
is correct for each component (i.e., spatial Fourier mode) or any linear combination of components (e.g. the time 
spectral coefficients of the velocity field at each point in the fluid). Thus the time spectra of the temperature pres- 
sure and velocity fields at any point in the fluid satisfy eq. (6), or approximately eq. (8): given the spectrum of 
any such observable down to the 2k subharmonics, the rest of the fluctuation spectrum is computable. In partic- 
ular, we consider the experimental spectrum for the temperature of a Bayleigh-Oxnard flow, fig. 1. Now the de- 
duction of eq. (8) contains a principal error for finite n consisting of an oscillation riding on top of the smooth 
extrapolation, of amplitude determined by the phased components. Accordingly, eq. (8) determines the new com- 
ponents with these oscillations smoothed away. Starting at n = 2 as “asymptotic” the interpolated curve of the 
l/4 and 314 components is a horizontal line. Accordingly, by eq. (8) the n = 3 components should lie about a 
horizontal line 8.2 db lower, and the n = 4 components about another line 8.2 db stiIl lower. By fig. 1, the n = 3 
components are 8.4 f: 0.5 db down from n = 2. For n = 4 the lowest components are missing, but can be projected 
to have less oscillation than the higher ones, while the highest ones are least well predicted. We approximate this 
ignorance by deleting the highest component, resulting in the average n = 4 component 8.3 k 0.4 db below the 
n = 3. Thus, eq. (8) is satisfied to within experimental and theoretical error, and we interpret this agreement to be 
the signal that the system accomplishes its transition to turbulence through the fmed point of the universality 
theory. 
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R/Rc 43 Fig. 1. (Redrawnfrom ref. [6].) Pointsarelabeledwith n
_50o ‘~c~om (see text). The dashed horizontal linesarethe theoretical

hz averages for n = 3,4.
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